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Abstract

We explicitly evaluate the 3-D weight functions for a planar crack in an isotropic, homogeneous material; these
give the full stress intensity factors induced by a static point force applied at an arbitrary position. If we Fourier
decompose the 3-D weight functions with respect to the z variable then each Fourier mode satisfies the
homogeneous equations of elasticity (except at the crack tip) and the boundary conditions on the crack face. Each
Fourier mode diverges like » ~!/? near the crack tip and decays exponentially for non-zero k.. It is proved that these
necessary conditions, which hold everywhere in the elastic material excluding the crack tip, are also sufficient to
determine the 3-D weight functions. In particular, the 3-D weight functions can be calculated without considering
an explicit loading problem. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In this publication, we calculate the quasi-static 3-D weight functions for a planar crack which
extends to the left xz-plane (x < 0) with crack edge on the z-axis. The weight functions, or the Greens
functions for a crack boundary problem, return the stress intensity factors (see Lawn (1993)) for a point
loading. We will also need to distinguish three different cases. First, the weight functions for a planar
crack in two dimensions which shall be denoted as 2-D weight functions. Second, the surface weight
functions, that is the weight functions for forces applied only to the crack surfaces of a planar crack in
three dimensions. Third, the fully 3-D weight functions giving the stress intensity distribution due to a
(static) point force applied at an arbitrary position relative to a planar crack in three dimensions. We
present the full 3-D weight function in explicit form, not least, because we shall need the explicit
expression in a subsequent publication (Al-Falou and Ball, 2000) in which we investigate the path of a
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3-D crack near a point inhomogeneity. Furthermore, the 3-D weight for a planar crack provides the key
to the perturbative expansion of weight functions for corrugated cracks. This relates very closely to the
stability analysis of 3-D cracks. In the quasi-static case the stability of a slightly disturbed, initially
planar 3-D crack can be read off the 3-D weight function. More details shall be given in a future paper
on this subject. Additionally, the weight function method opens the prospect of a tractable stability
analysis in the far more difficult case of a fast moving crack.

The existence of a surface weight function for a planar crack in two dimensions comes about by an
application of Sochozki—Plemelj’s formula (see the appendix on cracks in Mushkelishvili, 1963). If
g(x)=Q+iP is a balanced loading on the face of a planar crack (extending to the left x < 0) in two
dimensions, then

Ky — iKy =

2 J" 18 W

X .
A/ 27Tl —0 V=X

In this context, balanced loading means that the loading Q+iP on the upper crack face y = 07 is
balanced by an opposite loading —(Q +iP) on the lower face y = 07. Bueckner (1970) has generalised
the particular surface weight function in Eq. (1) to the full two-dimensional weight function (including
other crack geometries). Bueckner and, later, Rice (1972) also pointed out that the full 2-D weight
function satisfies the homogeneous equations of linear elasticity (everywhere except at the crack tip) and
that the stress which it produces requires no body forces or boundary tractions for their equilibrium.
We shall come back to this important feature of the 2-D and 3-D weight functions in the last section.

In a more recent publication, Bueckner also calculated the 3-D weight functions for a semi-infinite
and a penny-shaped crack (Bueckner, 1987). An explicit form of the weight function is given for a point
force acting on the crack surface. In our survey of previous work on weight functions we also refer the
reader to Willis and Movchan who present a calculation for the 3-D dynamical weight functions which,
of course, implies the quasi-static weight functions as a special case (Willis and Movchan, 1995).
However, both authors state the weight functions only implicitly in terms of a convolution where each
component of the convolution is given in integral form. In our computation of the 3-D weight functions
we use an existing result on the surface weight function and a classical LEFM trick, that is, we can add
a regular stress field without effecting the singular stress (if the boundary conditions are preserved). This
leads to a significant simplification of our mathematical analysis in comparison with Bueckner’s.

2. The surface weight functions

In our evaluation of the 3-D weight functions, we shall use an existing result on the surface weight
function in three dimensions (Sih, 1973). The surface weight functions W return the stress intensity
factors for a balanced point force (Q,P,R) at (—x’,0,z'), that is, a pair of point forces where (Q,P,R) is
applied at (—x',0",z’) on the upper crack face and (—Q,—P,—R) is applied at (—x’,07,z’) on the lower
crack face (Fig. 1). Unfortunately, there are two sign errors in the formula for the weight functions in
the handbook by Sih (1973), page 3.2.7-2. The following text should be read in conjunction with Fig. 2.

First, we consider the contribution to the mode II stress intensity from a balanced point force (Q,0,R)
at (—a,0,0) (see above for the definition of balanced point force). If only a balanced point force (Q,0,0)
is applied [Fig. 2(a)] we obtain a positive contribution to Ky, which is in agreement with standard
notations for the mode II stress intensity factor (Lawn, 1993). We now apply a balanced point force
(0,0,R) at (—a,0,0) [Fig. 2(b)] which displaces the upper crack face in the positive z direction and the
lower in the negative z direction, respectively. As a result of this shearing of the crack faces, we obtain a
displacement on the upper crack face whose x-component is positive if z is positive and negative for
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Fig. 1. Surface point forces for a planar crack in three dimensions.

negative z. This situation is reversed on the lower crack face. For positive z the displacement
configuration is in agreement with the situation in Fig. 2(a) and, hence, the Q and R terms in the mode
IT weight function have the same sign for positive z. Note that the sign in Sih’s handbook is wrong in
this point.

Similarly, we obtain the proper signs for the mode III surface weight function. Thus, the corrected
stress intensity factors (Sih, 1973) at (0,0,Z) due to a pair of opposite point forces, i.e., (Q,P,R) applied
at (x’,0",z) on the upper crack face and (—Q,—P,—R) applied at (x’,07,z") on the lower crack face (x’
is negative here), are given by

J2(—x’ I
Ki(x'2' = Z) = Wy(x'.2' = Z) - (Q.P.R) = PO(—x") ”752* )x/2+(z/—2)2’ )

KH(X /92/ - Z) = MII(X /92/ - Z) : (Q,P,R)

\/m 1 |:1 2v x’z—(z/—Z)2:|

n? x'24(z'—2Z)? 2—vx'24(z' = Z)?

= 00(~x")

_R@(_x,)Z(—x’),/fn(—x’) 2v ' —Z

n 2—v(x'24(z' = 2)H? ®

o

(a) (b)

Fig. 2. Displacement fields for a balanced point force acting on the crack surface. The solid arrows show the displacements on the
upper crack surface and the thin arrows on the lower crack face, respectively (note that the arrows do not show the components of
the point force). In (a) the balanced point force points only in the x-direction, in (b) it points only in the z-direction (see also for
the convention of the Q and R components of the point force).
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and

KHI(X /aZ/ - Z) = EIH(X /’Z/ - Z) : (QaPaR)

’ ’ / 2
:R@(_x/)./bz(—x ) 1 [1_ W ox'2— (2 —Z) }

nr o Xx'24(z—=2Z)? 2-vx'24(z' = 2Z)?

- 00(

_x/)2(—x’),n/22n(—x’) 2v -7 @

2—v(x'24(z = 2)H)¥

where O(x) is the theta function. Eqs. (2)—(4) define the surface weight functions Wi(x',z'—Z2),
Wn(x',z'—Z) and Win(x',z'—2). It might be more intuitive to express the weight functions in terms of
the variable Z—z' but in the following we need to evaluate an integral over x’,z’. This integral
conveniently becomes a convolution integral if the x’ and z’ variables occur with the same sign. Later
we shall need the Fourier transforms (with respect to z'—Z) of the surface weight functions in Egs. (2)-
(4). These can be obtained by contour integration in the complex plane and are given by

Wikyk:) = v/ 2lk-A(1 — ik /1k-1) ~73(0,1,0), Q)

Wyl k) = ¢2|kz|((1 = ik IR TV (1 i) V0, s 3

(6)
(1= ik 1) )
and
~ .. v . _ . _ v
v_Vm(kx,kz)=¢2|kz|<z sign(k:) 5 — (1 — ik /o) =2,0,1 = ikeo/ V)% = S —
(7)

V2Ik:]

. =32) i i .
x (1 —iky/lk:]) ) 1s1gn(k_){—(1 - ikx/|kz|)1/2(1’0’l

sign(k;)) - E/n(kxakz) }
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Fig. 3. Surface tractions due to a volume point force f.
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3. The Fourier transformed 3-D weight function for a planar crack

On the left hand side of Fig. 3, we see the basic problem in this publication. A quasi static planar
crack extends to the left half plane in an infinite, isotropic and homogeneous linear elastic material. A
volume force fis applied at the point (xg,v0,z0). What are the induced singular stress fields? On the right
hand side, the strategy to solve the problem is sketched. First, we evaluate the regular stress fields due
to the point force as if there were no crack in the material. Second, we add the planar crack. The
regular stress fields yield a balanced non-zero loading on the crack surface. In order to satisfy the
boundary conditions on the crack faces, that is, zero tractions, we need to match this loading by a
counter surface loading. We obtain the stress intensity factors generated by the counter tractions from
the convolution integral of the surface loading and the surface weight function. This convolution
integral is most conveniently evaluated in Fourier transformed coordinates. Note that have also added a
table of symbols and notation in Appendix A.

All the steps in the following are given for the mode II weight function. The mode I and mode III
weight functions are obtained in the same way (replace the index II by I or III). We are given a point
volume force fo(x'—x) at x in an infinite, isotropic, homogeneous elastic material. Our ansatz for the

total stress field ¢ | is
—total

+o, 3

g =0
—total Zregular = =s

where o 9 eoutar is the (known) regular stress field for a point force in the absence of a crack and g_is the
remamder whose singular part we want to calculate. The corresponding boundary conditions on the

crack surface are

N

=g n+g -, ©)

O’ .
—total =regular

where n is the outer normal to the crack face. The last equation tells us that we must calculate the stress
intensity factor generated by the tractions —g_ cqular 11 O the crack surface. Note, only g contains the
singular stress.

First, we need to state the regular stress in the absence of a crack. Let G be the Green function for an
infinite linear elastic material. By definition of this Green function, G, the displacement field u is given
by

ux')=G6@x"-x)-f (10)
and the corresponding stress tensor for the point volume force fo(x'—x) is a(x'—x)f, where
o(x'—x)=CV"-G(x' - x). (11)
The components of the tensor of elastic constants C are given by
Cijkt = A00x1 + p(0udj + 9ydji). (12)

We now place the crack on the left half of the xz plane (x < 0, y = 0). The tractions of the regular
stress field on the crack face are given by

(30,70 = (2((x0.2) = x) /) (13)

where n is the normal vector out of the crack surface.
This brings us to the second step in which the loading from the regular stress fields must be matched
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by a counter surface loading. According to Eq. (9), the stress intensity factors are obtained from
convolution integrals of the negative loading in Eq. (13) and the surface weight functions. The stress
intensity factor Ky for a point force f6(x'—x) is given by the mode II surface weight function W,

Ky(Z,x,y,2) = J dx/dz'Wy(x"2' = Z) - (= 1(x" 2" ), (14)
s

where S denotes the fracture surface. The last equation, together with Eq. (13), implicitly gives the 3-D
weight function because, for an arbitrary volume force f(x,y,z), the mode II stress intensity factor is
obtained from

Ku(Z) = Jgd S Gy — Z) - fx). (15)

Note that the regular stress fields automatically provide balanced tractions on the crack face. We
finally obtain the 3-D weight function for mode II ¥y by setting the (balanced) loading from Eq. (13)
into Eq. (14),

oo} (oo}
G(Zoxys) = —j dx/J A2 Wy 2 — Z) - olx’ —x.— y.2' —2) - (= ,). (16)

—00 —00

where —é, = (0, — 1,0) is the outer normal to the upper crack face. Effectively, the x'-integral in Eq. (16)
reduces to an integral from —oco to 0, since the surface weight functions are multiplied with @(—x’).
Noting that o(x'—x,—y,z'—z)=—g(x—x",y,z—z') and changing the variable of z’ integration, we can
rewrite Eq. (16) as

o0 00
YG(Z,x,y,z) = —J dx’J dz'Wy(x',z")-a(x —x'y. (2= Z)=z") - ¢,. (17)

—0Q

Equivalent formulae hold for mode I and mode IIl. Eq. (17) is the central equation in this section.
We note that the 3-D mode II weight function is a convolution integral, which suggests that it is more
convenient to work with the Fourier transformed functions. This transforms (17) into

Gk k) = =Wy(kooke) - 8k ko) - &y, (18)

where the Fourier transform in k. is taken with respect to z—Z.

We shall first determine (k..k,.k.) from Wy(ky.,k.) and &(ky.ky.k.) and then perform the back
Fourier transform. This rather technical calculation is given for the mode II weight function
Yy(ky.ky,k-) in Appendix B in detail; the other two weight functions are obtained in a similar way and
only their final form shall be given for the sake of completeness.

In the final result (Eq. (58) in Appendix B), we express the real space 3-D weight function %p(x,y.k.)
(the z dependence remains Fourier transformed) in terms of a differential operator acting on a
generating integral,

11-2v/ v 1 v
g]l,n(xayakz) = 2|kz|[_ (m - ax)52n - L ( - 8.x>8n - 8}75114

21—v 21—v\2—v

(19)

2v 1 00 ) . |
_8 5 " . e k7(5 " - dky dky ik x Ikyy
to-, #(O1n + i sign k.03 ):| (27r)2j—oo « dkye™e T

n=123.
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Here ¢ is the angle in the x,y plane. Note that 9;=isign k., and also that in Egs. (19) and (20),
the variables are dimensionless, as the old variables were replaced by dimensionless variables
through division by |k.|, that is, k/|k.| — k., k/|k.| — k,, k./|k.| — k3 and xlk.| — x, ylk.| — y
(see also Appendix B). It is shown in Appendix C that the generating integral in Eq. (19) is equal
to

[ ik ik, y 1 er e ? ¢
Wjoodedkye e }(1+k2)\/r——l7€:: Wil erfc \/Zcosz . (20)

4. The real space mode IT 3-D weight function for a planar crack

The derivatives in Eq. (19) were calculated with Mathematica (Wolfram Research, 1995). In the
final result, we also reestablish the old variables x — x|k.|, etc., from the dimensionless variables. We
finally obtain the 3-D weight function for mode II, where the z-dependence remains Fourier
transformed:

Gux(x,p.k:) = v/ k:| (8 — 12v+4v? + (2 — v)(cos ¢ + cos 2¢) + rlk-|(—2 + 11v — 8>

sin% e k|
FAVeos g+ 2= VIeos20)) gy

+%werkzcos¢erﬂ;< 2r|kz|COS%> s (21)

Gy (x,p.k2) = V/k-| (4 — 10V +4v2 + (2 — v)(cos ¢ — cos 2¢) + rlk|(=2 4+ 3v + 4(1 —v)

¢

cos —rlk:| 1-2v
— — 2 € _ rlk-|cos ¢ (22)
x cos ¢ — (2 — v)cos 24)))4(1 =) 20 v)e

x erfc (N/ 2r|kz|cos(§>

and
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5 2
(—1+§v—2v2— ZV(:osd))sm(Zs ]
Gu-(x.y.k:) = i sign(k:)y/|k:| / = oIk

1-v)(2-v)
+ 12_ 2‘/‘/@6’”‘:'“’5 ¢erfc<\/2r|kz|cos(§> , (23)

where x=rcos¢ and y=rsin¢. The weight functions ¥y .(xo,y0,k.), as stated above, return the
Fourier transformed mode II stress intensity factor Kyi(k.) for a volume force of the form f(x)=/0(x —
x0)8(y — yo)e?. Fully in real space, %y is given by

1 [ b
G(Zxr2) = 5| dyrpdet e, @4
—00

where the variable k. in %y1(x,y,k.) indicates that here ¥y is Fourier transformed in k.. Furthermore, it
is readily verified that for a balanced force on the crack faces, we recover the known surface weight
function from the 3-D weight function in Egs. (21)-(23). We have

Gy(r,p = k) — Gy(r,p = —m.k.) = Wy(x.k.), (25)

where Wyi(x,k.) is the surface weight function for a balanced point force.

5. The mode I and mode III 3-D weight functions for a planar crack
The 3-D weight functions for mode I and mode III are obtained in a similar way. The result for mode

Iis

1—2V o ¢ o C°S<§)
g X k7 = kz _ rlk:|cos ¢ f < 2 k7 ) ’|/¥:|— _2 4
1x(X,.k2) = v/ k| g —v)e erfc| +/2r| _|cos2 +e 20 2m|kz|( + 4y

~+ cos ¢ — cos(2¢p) + r|k.|(—=1 + 2 cos ¢ — cos(2¢))) |, (26)
sinf
Gry(x,0,k2) =/ 1k:| e*’lk I—2(4 —4v — cos ¢ — cos(2¢) + r|k;|(1 — cos(2¢))) (27)

4(1 —v)/2mrlk,|

and

o
—sin=sin ¢ )
Gy (x,,k-) = i sign(k.)y/|k-| 2 rik| e "“+( V)e"’” 'C°*¢erfc<,/2r|k;|cos%> . (28)

20—v) V 2n 41 —v)

and, for mode III, we obtain
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Jrlk (1 —2v + cos(qﬁ))sin(f)
—rlk:|

Gus(x.ykz) = —isign(k)v/k:| W e
e/h=lcos@) (1 — 2v)r|k.|erfc <«/2r|kz|cos<(§>)sin(¢)
a 22 -v) ’ @)
2 $\. (¢
\/i«/rlkz cos<§>sin<§>
Gy (x.p.k.) = —i sign(k.)y/|k-| | 2 eIk
2-v)
e/lk:leos@)(1 — 2v)erfc <\/§7|kﬁz|cos<§)>
+ 2V (30)
and
2-v- 2vr|k_,|)sin<%>
— —rlk:|
Gn-(x.p.k.) = k| RPN
elk:1eos@) (1 — 2v)r|k.|erfc («/2r|kz|cos(§>)sin(¢)
- . (31)

22—v)

6. Properties and uniqueness of the 3-D weight function

We now shall further explore the properties of the 3-D weight function for a planar crack. We shall
see that we can uniquely determine the 3-D weight function without considering an explicit loading
problem. This opens another approach to the evaluation of weight functions (from our calculation)
which proves particularly valuable in the more difficult dynamical case (this work is in progress at the
moment). It also provides a check on the 3-D weight functions themselves. Furthermore, we shall link
the results in this thesis to a former calculation of Ball and Larralde (1995). We shall see in the
following that the mode I and mode II weight functions are implicitly contained in their calculation.

First, we investigate the necessary properties of the weight function. We then shall see that these
properties are also sufficient to establish uniqueness of the weight function, and hence these properties
determine the weight function uniquely.

In the following, we suppose that there exist several 3-D weight functions for a planar crack J and we
ask about their common properties. First, we observe that the 3-D weight function satisfies the
homogeneous equations of elasticity and the boundary conditions on the crack surface. Strictly, the 3-D
weight function has to satisfy the adjoint equations of linear homogeneous elasticity. However, the
linear elasticity operator is self-adjoint (see Appendix D). We then have to solve the displacement field
in the presence of a volume force f at xy,
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1 .
—u <A +15,Y diV)u = d(x — xp)f or Eu = d(x — x,)f, (32)
where E is the operator of linear elasticity for an isotropic, homogeneous material, given in the left
equation. The displacement u must also satisfy the boundary conditions on the crack surface, i.e.,

alu] - n = 0 on the crack surface. (33)

Indeed, in this way, Kassir and Sih calculated their surface weight function.

Although Eq. (32) might suggest that « is a function of x—xp, this is not the case because the
boundary conditions in Eq. (33) are not translationally invariant. As we shall see in the following, we
nevertheless have

u(x,Xg) = u(xg,x), (34)

which we now show follows from the self-adjointness of the operator E of linear elasticity (see Appendix
D for a proof of the self-adjointness of E). Let Q be R excluding the left xz-plane (i.e., the crack
surface), that is, the domain occupied by the elastic material. We define a scalar product for functions
on Q by

(fg) = JQd ) - 5. (35)

Furthermore, let u(x,xo) and u(x,x;) be two solutions of Eq. (33) with x, replaced by x; in the latter.

By definition of the self-adjointness of the operator E, we have

(u(x.x0), Eu(x,x1))y = (Eu(x,x).u(X.X)))2, (36)
hence,

(u(x.x0),0(x — X1)f)2 = (9(x — xo)fu(x.X1))2, (37)
hence,

u(xy,Xo) - f'= u(xg,x,) - ffor all f, (38)

which proves Eq. (34).
Assuming the displacement u and the corresponding stress field o(x,x) have been obtained, we can
extract the 3-D weight functions by taking appropriate limits in x, e.g.,

Ku(xy.f) = Jim v 210, ¢ (X.X0:/) =0 = Jim 21x67, ¢ (X05Xo/)y=0- (39)

The last equation holds since u(x,xo) = u(xp,x). We conclude that Ky(xo./), and thus each component
of the 3-D weight function, satisfy the equations of elasticity in Eq. (32) and the boundary conditions,
where derivatives are taken with respect to xo.

Second, we exploit the fact that the problem of a planar crack in an infinite, isotropic, homogeneous
material has only two variables with the dimension of length. A 3-D weight function J(z—Z,r,¢) has
dimension length ¢ 2. If we Fourier transform it with respect to z—Z, each Fourier component
J(k.,r,¢) has dimension length ¢7'2 (exceptionally, we denote the real space function and the Fourier
transformed function by the same symbol; distinction is made by the dependence on k.). However, the
only quantities with dimension length are the radial coordinate r and the inverse of the wavenumber £..
Considering the dimension of J(k.,r,¢ ), the only possible form it can have is
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Jkrsp) = VKA, (7 - Kosp). (40)

It is reasonable to assume that the weight function exists for k,=0 and is non-zero. Indeed, this is the
two-dimensional weight function which can be obtained in a straightforward calculation. We then
deduce two results from Eq. (40). First, the highest order divergence near the crack tip is l/\/r, and
second, the 1/,/r term does not depend on k.. In other words, the 1/,/r divergence in J(k..r,¢p) is the
same for all k. and equals Jy(r,¢)=J(0,r,¢). In summary, we have the following properties of 3-D
weight functions for a planar crack in an infinite linear elastic medium

1. @, satisfies the homogeneous equations of elasticity and the boundary conditions on the crack face
for all k_z.

2. 4, diverges like r~V2 near r = 0 independently of k..

3. The divergent part of %, equals the (k.-independent) 2-D weight function for all k..

So far we have had to assume that there might exist several weight functions. We now want to show
uniqueness. In the following, we only admit weight functions J(k.,r,¢ ) that diverge like 1 /\/r near r = 0
and fall off exponentially as r — oo for k. # 0 (indeed, we do not need exponential decay, as we shall
see). Furthermore, we assume that two possibly different Fourier transformed 3-D weight functions
Ji(k.,r,¢) and Jo(k.,r,¢) are equal for k.=0, i.e. J;(0,r,¢)=J>(0,r,¢), which implies their divergent parts
are the same. Then we define

F(x) = (Jy(korp) — Sy (ko p))e™=. (41)

Note that F(x) no longer diverges near r = 0 and, more importantly, it has finite elastic energy. Note
also that F(x) satisfies the equations of linear elasticity and the boundary conditions on the crack face
since Jy(k.,r,¢) and Jy(k.,r,¢p) have these properties. To make further progress, we use the elastic energy
in order to apply a norm argument. We define

(i = | @ VC:90 = | (gl @)

where C is the tensor of elastic constants (see Eq. (11)), g[u] is the stress tensor generated by u and Q is
the region occupied by the elastic material. Inserting F in Eq. (42), we obtain

(FDy— JQ &Y - (F- o[F)) — F- (V- olF), 43)

(EB)y = LQ oS - o[F] - F (44)
and

(EBy = Jr dS - olF]- F—0 as R— oo, (45)

where I is the circle with radius R. The contour dQ is shown in Fig. 4. Eq. (44) holds since F satisfies
the homogeneous equations of elasticity. In Eq. (45), we have used the fact that F satisfies the boundary
conditions on the crack surface. The limit is zero since we have assumed that both weight functions
decay exponentially for k #0 as r — co. As mentioned above, it would be sufficient to require decay like
r % where a > 1/2. In any case, we have that (F,F)g=0.

We now want to bound the elastic energy (u,u)g. The elastic energy can be rewritten in terms of the
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strain tensor e=1/2(Vu+ (Vg)T) as
(wae = || @ {2 welutel) + 2uclulield). (46)
Q

which is non-negative and zero only if e[u] is zero almost everywhere. Since (F,F); =0, we deduce that
e[F]=0 almost everywhere. It follows (for example, see page 293 in Ciarlet, 1993) that

F=a+bAx. (47)

Remembering that F(x) decays to zero as x — oo, we conclude that F is identically zero. Hence,
Jilk.,r,¢)=Jo(k.,r,¢) provided that the r =2 terms of weight function 1 and 2 are equal.

We can summarise our results as follows. The 3-D weight functions for a planar crack in an isotropic,
homogeneous material are uniquely determined (up to a constant pre factor) by the following
requirements on its Fourier components &, with respect to z:

1. 4, satisfies the homogeneous equations of elasticity and the boundary conditions on the crack face
for all k..

2. %, decays exponentially for r — oo for k. #0.

. 4, diverges like r ~'/* near r = 0 independently of k..

4. The divergent part of Y., 1.e., Yo, 1s uniquely given.

[98]

We have now reduced the uniqueness of the 3-D weight functions to the uniqueness of the 2-D weight
functions. Let us assume that we have evaluated functions ¢, which satisfy conditions 1 to 3. To pick
out the mode II 3-D weight function %y, _, for example, we compare the divergent part with the known
2-D mode II weight function in the x,y plane (k.=0). Note that no point force occurs explicitly
anywhere in the conditions 1 to 3. Note also that we mentioned in the beginning of this chapter that the
3-D weight functions satisfy the first condition above. In other words, the 3-D weight function can be
calculated uniquely on the basis of conditions 1 to 3 without taking into consideration any forces or
tractions. This fact opens different approach in the calculation of the 3-D weight function from the one
presented in this paper.

What happens if we work purely on the basis of conditions 1 to 3, i.e., the 2-D weight functions in
the x,y plane are not given? Then ¥, can be uniquely determined even if we work only with the
homogeneous equations of linear elasticity (without considering an explicit loading problem).

The r~'? term equals the Fourier mode Go(r,¢) for k.,=0, which of course satisfies the equation of

3Q

Fig. 4. Region and contour of integration (R — 00).
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elasticity and the boundary conditions. However, there is no z dependence and we know the r
dependence of Gy(r,¢), i.e., Go(r,p)=j(¢p )/\/r. We also know (Freund, 1990) that a solution Gy(r,¢) of
the two-dimensional linear elastic equations with zero forces on the crack surface and r ~'/? dependence
is a linear combination of the form ocl/\/rj_‘l(q’>)+oc”/\/ry_’n(g{))+oc111/\/rj_‘m(¢ ), where ji, jir and jyyp are the
angular parts of the 2-D weight functions.

On the other hand, any function ¥, which meets the requirements 1 to 3 is uniquely determined by
the divergent part %,. With the previous statement, we conclude that any such function is a linear
combination of the form

Y. = %y + oGy, +omZs., (48)

where oy, oqp and oy are real numbers and ¥, , 9y, and @y, are the 3-D weight functions for modes
I to III. We can extract a single mode 3-D weight function (up to constant pre factors) out of Eq. (48)
on the basis of symmetry arguments. For example, the first component of &, is even in y and z, the
second component is odd in y and even in z and the third component is even in y and odd in z. The
remaining real pre factor can be fixed by applying the weight function to a loading with known stress
intensity factors or by comparison with the 2-D weight function.

The preceding discussion links the calculation of the 3-D weight functions to a result obtained by Ball
and Larralde (1995), who investigated the stability of slow cracks under mode I loading. For this
purpose, they expanded the perturbed stress field in terms of the unperturbed stress field plus a first
order contribution gl(g) which had to be determined, i.e.,

o(x + 8-l (™) = g, (x) + Iy (0)e™ (6. - V)g, (x) + g, (¥), (49)

where é.hy_(x)e*=* denotes the (small) deviation of the crack surface from planarity. It is clear that 0,(x)
diverges like r —*/* and the associated displacement field ui(x) like r V2. Their first order displacement
field satisfies the equations of elasticity and the boundary conditions. Furthermore, the Fourier
components fall off exponentially for k. # 0. Hence, the 3-D weight functions are implicitly contained in
the first order displacement field. The single components for mode I and mode II can be extracted by
symmetry arguments and yield the same 3-D weight functions as given here by Egs. (26)—(28) and Egs.
(21)—(23).

7. Conclusions

We have calculated the full 3-D weight functions for mode I, mode II and mode III for a quasi-static
planar crack using an existing result on the surface weight functions. From another point of view, we
have shown that weight functions are governed by uniqueness requirements: First, &, has to satisfy the
homogeneous equations of elasticity and the boundary conditions on the crack face for all k.. Second,
%, needs to decay exponentially for r — oo for k. # 0. Finally, 4, has to diverge like l/\/r near r = 0
independently of k., and this divergent part is uniquely given (by the 2-D weight function). The first
condition is long established (Bueckner, 1970; Rice, 1972); the second is required for any physically
sensible solution; the third we have demonstrated. Hence, we can determine a weight function by solving
the homogeneous linear elastic equations of elasticity with zero boundary tractions and the additional
requirement that the highest order divergence is 1/\/1‘ near the crack tip. Using this method, it is
possible to circumvent the evaluation of a more difficult explicit loading problem.
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Appendix A. Nomenclature

C

E
erf(x), erfc(x)
G

é,\‘a éya éz
elu]

~

A

Y1, Y, Y
n

v

Ky, Kii, Kin
Ay 1

Q

0Q

¢

a(x)

I/_Vla V_Vlh I/_VIH
Oi

tensor of elastic constants, e.g., for an isotropic material with components
Cijr= 20011+ 1(00j1+ 010 )

operator of linear elasticity for an isotropic, homogeneous material, E=—-V-C:V

error function and complementary error function

Greens function for the displacement field in an infinite linear elastic isotropic and
homogeneous material

Cartesian vectors, é, = (1,0,0), é, = (0,1,0), . = (0,0,1)

strain tensor generated by u

Fourier transform of the function f

three-dimensional weight function for mode I, mode II and mode III

normal vector

Poisson’s ratio

stress intensity factors for mode I, mode II and mode III

Lame coefficients

domain occupied by the elastic material

boundary of the domain Q

angle in the x,y plane, x=rcos ¢, y=rsin ¢

stress tensor at x

surface weight function for mode I, mode II and mode III in three dimensions
indicates the positive or negative limit to zero, usually used in the context of the upper
(y=10") or lower crack face (y = 07)

multiplication

curl

L? scalar product defined in Eq. (35)

scalar product defined in Eq. (42)

The Fourier transform and the back Fourier transform are defined as

S0 = 52| aket

and

Jik) = J dve *5fx) (50)

—00

throughout this thesis. Occasionally, the Fourier transform is indicated by the argument instead of the
hat.
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Appendix B. Evaluation of the Fourier transformed 3-D weight function and the back Fourier
transformation

We start from Eq. (18), stating the Fourier transformed mode II 3-D weight function in terms of the
known Fourier transformed surface weight function and the Fourier transformed stress field for a point
force,

Gullersky i) = =Wylkoks) - aknky ks - é,. (51)

The Fourier transform of the Green function of an infinite isotropic homogeneous linear elastic
material is

S S B 1 kik;
YUk + k2 21 — vy k2 + k2

) (ij = x,y,z or 1,2,3), (52)

where k2 = k2 + kf,. From Eq. (11), namely 03, = Cys0,G,, We obtain

1

N . 1% 1 k,’kjkn

Oijn = lm(m"néﬁ + kidjn + kjGin — T—vi2t kz)' (53)
In particular, the Fourier transform é(kx,ky,k:) - ey is

NN | v 1 kikyk,

Oion = ZW <1_vkn(512 + k152n + ky(sm ﬁkzz n k2 ) . (54)
The Fourier transformed mode II surface weight function is given in Eq. (6)

Wilksok) = \/2|kz|((1 — i/ Vel) ™ 4 (1 = ik /) 0,

(55)

. v : -
i Slgn(kz)m(l — iky/1k:|) 3/2>-

Egs. (54) and (55) are set into Eq. (51) in order to yield the Fourier transformed mode II 3-D weight
function,

, o 1 kokk
Grn(kyky k) = sy k02 + kyo1y — 1 —vi2 _ﬁ 2
v
1 2y 1 kzkykn
X ) kY —+ <1 . kx >3/2 + (kzéZn + ky53n - 1—_‘/k22 + k2 (56)
IX A
v

X isign(kz)%
1 —i—
(1-4)
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The remaining work consists of back Fourier transforming this expression in order to obtain
Yn(x,p,k.) (we drop the hat here although the 3-D weight function remains Fourier transformed
in k.).

The main steps of the back Fourier transformation in k, and k, will be shown for the mode II weight
function gn(khk‘ ,k.). The other two weight functions are obtamed in a similar way and only their final
form shall be given for the sake of completeness.

First, we observe that it is convenient to replace the old variables by dimensionless variables through
division by |k.|, that is, k./|k.| — ky, k,/|k.| — k,, k./|k.| — k3 and x|k.| — x, ylk.| — y. Second, the
terms (1—ik,/|k.|)~>? are reduced to (1—ik,/|k.|)~ in by multiplication with 1—ik,/|k.|. Furthermore, we

OESG'WC that integration by parts with respect to k, turns the terms (lkJ: ”)2 into 4+ i}iz é 1121:2 Thus, we
obtain

m thtk} 1 11—-2v v iy 1
WJ’ dk dke 1—|—k2 El—v kx+l2_v>52n_51_v

1
ko [61, + i sign k.03, ]————— L.
v },[51 +lSIgn _63 ](1—lkx)3/2}

gII,n (X,y,kz) =

(57)

1
k, kn + kyo1n
( +12 ) + 1:| *l—ikx_‘_

Integration by parts first with respect to k. and then with respect to k, changes the term

xky 7}’1{,\ _ 2 . 3(/,
A+k2)(1=ik)> = (1+k2)(1=iky)7?*
y =+vx2+4y?sin ¢. We obtain

ky
(1+k2)(1—iky)*"?

into —2 Here ¢ is the angle in the x,y plane, ie., x = v/x2+ y? cos ¢ and

11-2v/ v 1 v
gllﬂ()hyakz) = 2|k |[2 1 (2 — V )52;7 - 2 (2 - 8x>8n - ay(sln

1—v -V

1
(1 + kST =ik,

2v .o 1 OO ikyx Likyy
+ Tva¢(5m + 7 sign k.03,) (2? N dk, dk,e™"e (58)

2

Note that 9;=1isign k..

Appendix C. The generating integral

We need to evaluate the generating integral in Eq. (58). Since this integral is not a standard integral, a
brief outline of its evaluation will be given in the following. First, integration with respect to k, (which
can be easily obtained by integration along a closed contour in the upper or lower complex plane,
depending on the sign of y) yields

1 5 1
I=—| dk.e*¥e PVItHR . 59
4nJ V1 + k2T =ik %)

Substitution k, =sinh u and translation of u by in/2 gives
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T

1 00 ir sinh (u+i>
1 J due 2 cosh g — i%l

- 42x

—0Q

| oy i coshzcos? +i sinhzsin?
— due 77’6 2 2 2 2 2 , (60)
4y2n u

2

o0 COSZ% + sinh?

where x+iy=re®. Back substitution ¢ = sinhu/2 gives a standard integral which can be found in
Abramovitz and Stegun (1972),

o, o0 - 1
I=——e"V2r cosfj dr © = e’ (/’erfc(\/2r cos %), (61)

2 2
22n ’ (@Cos%) +12 22

where erfc denotes the complementary error function.

Appendix D. Self-adjointness of the operator of linear elasticity

In this section, we shall prove that the operator E of linear elasticity is self-adjoint. First, we assume
that g and fsatisfy the boundary conditions on the crack surface, i.e.,

[gl-n="0

IS}

and

IS}

f1-n=0, (62)

where n is the normal of the crack surface and o[g] is the stress field generated by g, i.e., g[g]=C: Vg.
Second, we require that g and f decay sufficiently fast (or, alternatively, that ¢ and f have compact
support). These two conditions ensure that the surface integrals in Eqgs. (64) and (66) vanish. The
divergence theorem yields

(f.Eg), = JQd3XJ_‘- (V-C:Vy), (63)
(f.Eg), = Lgd§ (C:Vg) - f— Ld x(Vf):C:(Vy), (64)
(Eg = =] ¢ xTrC), (65)
(f.Eg), = JQd3xg (V- C:Vf) - Lgdg- (C:V)-g (66)

and

(f.EZ)> = (Ef.2)>- (67)
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